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Age Specific Density, This paper delves into the Leslie Matrix Population Model to examine age specific density
Population Growth, dependence in human population dynamics. The model’s key properties and the implications of
Fertility Rate, Leslie its eigen values are explored in details, providing a foundational understanding of its
Matrix, Stable Age  mathematical underpinnings. A significant portion of the study is dedicated to the practical
Structure application of the Leslie matrix, wherein we project India’s age-specific female numbers
between 2011 and 2051 at five-years intervals. By constructing a Leslie matrix tailored to India’s
demographic data, we are able to predict population changes with a focus on female age
groups. To demonstrate the model’s effectiveness and validate its accuracy, we compared the
projected population for the year 2016 against actual data provided by the Registrar General of
India, Govt. of India. The comparison indicates a high degree of accuracy, underscoring the
model’s robustness in demographic predictions. This study not only confirm the utility of Leslie
Matrix population model in forecasting population dynamics but also highlight its potential for
planning and policy making in the context of India’s demographic landscape. Through rigorous
analysis and validation, we affirm the model’s capacity to provide valuable insight into future

population trends based on current age specific data.

Introduction

Matrix population models have become essential tools in population mathematics, particularly for
studying human population dynamics and predicting population growth. In 1945, P.H. Leslie
introduced a population projection matrix, now known as the Leslie Matrix Population Model. He
later refined this model in 1959 to account for the effects of other population members on
population growth and structure. Leslie matrix are crucial in understanding how populations are
influenced by age specific survival and fertility rates this age dependent matrix model is widely
applied in human population studies to predict population growth and age distribution over
time(1,2). The Leslie Model is particularly effective for determining population growth using
fertility rates, survival rates and base population data. Matrix population model offer valuable
insight into the relationship between demographic process and population dynamics. Ecologists
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use it to assess species survival in new environment conditions and predict long term population
trends(3). It is a discrete matrix model and, a crucial tool in population dynamics to examine the
impact of age specific survivorship and fertility rates on population growth and age
distribution(4).The Leslie model is a discrete, age structured model that uses a matrix to describe
the transitions of individuals between age classes in a population(5). Recent studies have focused
on its eigen values and eigen vectors, which are critical for understanding long term population
behaviour including growth rates, stable age structure and distribution. A notable property of the
Leslie Matrix is the dominant eigen value which represents asymptotic population growth, while
corresponding eigen vector gives the stable age distribution and these properties are pivotal for
predicting demographic changes and formulating population policies (6,7). A study by (7) utilized
the Leslie matrix to project the age specific population of united states, highlighting its utility in
anticipating shifts in age structure and dependency ratios. The study demonstrated how
incorporating fertility and mortality rates into matrix model provides reliable projection that are
essential for policy planning(8,9). A matrix model applied on population to evaluate China’s two
child policy, showing how changes in fertility rates influenced future population structure and
findings underscore the model’s effectiveness in simulation the outcomes of policy interventions
on population dynamics(10). Some advancements have included perturbation analysis to explore
how demographic process can modify population trajectories, incorporating new theoretical
development in deterministic transient analysis(11-13). A perturbative formalism for linear non
negative matrix difference had been included in matrix model. This framework defines the
effective growth rate as the non-trivial effective eigen value, which characterizes the long-term
asymptotic dynamics of mean value population vector state. Through random Leslie analysis,
researchers demonstrated that incorporating random vital parameters results in an asymptotic
mean value vector growth rate lower than previously estimated(14-18). This research paper aims
to investigate the impacts of age-specific density dependence on population growth and structure.
By employing a density dependent Leslie matrix model, the study seeks to analyse how varying
birth and survival rates across different age groups influence over all population dynamics. The
objective is to enhance the accuracy of population projection and provide deeper insights into
demographic patterns.

Model Formulation

We consider that, the population is divided into m distinct age groups Y, (t), Y, (t),...ccccccen... Y (1)
for given y;(0), ¥5(0),...cccvrvvneee Y, (0) . The population of these age groups at any given time t are

determined, assuming constant birth and death rates within each group. The model evaluates
population changes in discrete stages, assessing the population at time t and t+1. Due to this
approach, it is referred to as a discrete-time discrete-age-scale population model. This is a single-
sex model focusing solely on female population changes, assuming proportional changes in the
male population, which are considered consistent. Let f, >0 (for a=1, 2, 3...m) represent the

number of females born, on average to a female of the age a. The female population in age group
(a—1a) at time tis y,(t), each of whom gives to a certain number of females in the interval

(t,t+1). Therefore, the numbers of females in the age-group (0,1) alive at timet+1 of these
Yy, (t) females are f,y, (t) .Thus, the number of females in group (0, 1) at the time t+1 is,

Yit+1) = fiy, (O + fy,(0) +---+ fym (1) 1)
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Let P,(a=12,3,.....,m—1) be the probability of population of a™ age-group at time t, who alive

to population of (a+1)th age-group at the timet +1. Therefore, we have,

Vo t+1) =Py, (t) wherea=123,.....m 2
From equation (2), we have

Yo(t+1) =Ry ()

Y3(t+1) =PR,y,(t)
Y4(t+1) =Ry,(t) 3)

Ym (t +1) = Pm—lym—l (t)
The matrix form of system of linear difference equation (1), (2) and (3) is given by

Y (t+1) fif ot B )
v+ | (R0 ..0 0 | y,@
ys(t+1) 0 R .0 0 | ys)

=|. _ . (4)
Y, (t+1) 00 ..PR, ;0 Jly,()
or Y(t+1) =LY (t) (5)
ff, . f  f
PO ..0 O
OP, .0 O
L=|. . . Q)
00.P .0
Y () =[5 (8) Yo )oY O 7

The matrix L is known as Leslie matrix. In Leslie matrix all the elements are non-negative i.e.,
f,>0and 0<f, <0 Valla's.

Equation (5) is a recurrence relation, so put t—1,t—2,t—3,....in place of t in (5) we get
Y(t)=LY(t-1, Y(t-1)=LY({t-2), Y(t—2)=LY(t—3) and so on.
From above obtained linear difference equation, we get
Y(t) =LY (t-2)=L%(t-3)=-----=LY(0) (8)
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From equation (8), we can find y, (t), Y, (t),...c.cc.ce.... Yy, (t) for any positive integer t. If the Leslie
matrix L has distinct Eigen values, say 4,, 4,, 45, ......4,, then
L =X Dig.[4, A, gy dy ]X H = XDX ! (9)
Where X is the matrix whose columns are Eigen vectors corresponding to A, 4,, 45, ......... A, and
X tis it’s inverse and D is the diagonal matrix with its diagonal elements as 4, 4,, Az, ......... A -
Now,
L2 = (XDX )% = (XDX 1) (XDX 1) = XD(X H)DX * = XD*X
L'=XD'X™? (10)
From equation (8) and (10), we get
Y (t) = XD'X Y (0) (11)
On simplifying (11), we thus get the a™ solution,
Y, (t) = b A + 004 s +b, A (12)

For a=1,2,3,..m.
Interpretation of Model

The asymptotic behaviour of y, (t) will depend on the largest absolute Eigen value. Let his
absolute value be 4, . Then we the following conclusions:

Q) If 4,>1, y,(t) >, ast—oo, which shows that all age-group’s population will
increase.

(i) If 4, <1, y,(t)—>0,as t—o, implying that all the populations will go to
extinction.

@iy 1f A4,=1, yo(t) > by +byy +bg 4. +Db,,, (a constant) as t — oo showing that

asymptotically stationary populations exist across all age groups.

Dominant Eigen Value of Leslie Matrix
Based on the aforementioned conclusion, it is evident that the eigen values of matrix L, specially
the dominant eigen value of L, are significant. For this reason, we will address the eigen values
and corresponding eigen vectors of L in this section.

Since the Leslie matrix L is non-negative and for some positive integers m, the elements of
L™ are all positive if any two consecutive fecundity measures f, f, f;.......f, are non-zero.

Thus, we have the following theorem for Leslie matrix:

Theorem: Let L be a Leslie matrix with at least one pair of consecutive non zero fecundity
measures ( f,#0). Then L has a positive eigenvalue of algebraic multiplicity one. This
eigenvalue is greater in absolute value than any other eigenvalue of L, and it correspond to an
eigenvector with only positive elements.

Proof: Leslie matrix L is given by
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f, f, o f T
RO .0 O
OPR ..O O
L=
0 0..P,0 -
And characteristic equation given by
¢(ﬂ):|L—/II|:O (13)
Where | is a unit matrix of order mxm. Equation (13) may be rewritten as
fi-A f, o f T
R -4..0
0 P .0
op(A)=]. : . =0
0 0 ..P,-1

p(A)=A" - A" - f,RA"? — f,RPA" ...~ f_PP,.....P, ;=0 (14)

Since B,PR,,R,,.....R,_; are all positive and it is assumed that f, =0 i.e., f, >0; then we have
#(0)=—f,RP,......R,; <0 and ¢(x0) =0 >0
Now ¢(0) <0and ¢(x0) >0 imply that the equation ¢(A) =0has a minimum of one positive real
root.
Obliviously ¢(0) = 0, so that 0 is not the eigen value of ¢(1) =0 .therefore divide (14) by A", we
get
F()= f A +Rf,A% 4+ f PP---P A"t =1 (15)

Differentiating both sides of (15) w.r.t. 4, we get
d= _ fi 2Rf,

dF _ L MmBR- R f
d/’l /12 /13 lm+1

= (16)

Obviously, g—i <0when A >0 which implies that F (1) falls monotonically as it rises from 0 to

infinity as it does so. Consequently, there is just one real positive root of F (1) =1with multiplicity
one, let it be A,
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Fig.1: Graph of F()

Let ﬂj‘lze“”ﬁ where A; be any other eigen value, with ¢ and g are real and positive and
B # 2k, so that

1= 1 :iefiﬂ:ef(wriﬂ)
J e0:+|,8 ¥

Therefore, A;is either negative real or complex.
Now putting 4, =e“""/ in (15), we get
fe* VLR f,e? ¢ +f RP,...P _
Or by Equating the real parts, we get
f.e* cos B+ PR f,e** cos2f +......+ T PP,.....P, .e™ cosmp =1 (17)
Let f, and f,,, be both non-zero and, cos(i/) and cos((i+i)/3) cannot be unity because

B # 2k from (17) it is clear that cosif <1and cos((i+i)3) <1.
Now comparing (17) with the equation

1ema+imﬁ -1

f o + R 2 = £ PPy P " =1 (18)
We get, e’ cos = ﬂﬂ‘l and cos f<las f#2kx
So that e“cosf<e’ = 1, t<e”
Also 2ot =e"" 50 that ‘/’tj‘l‘ —e” and 4,7 < ‘/1]-‘1‘ = |2] < 4

Thus, 4, is higher than any other 4;’s absolute value.
Let Y, be the non-zero eigen vector corresponding to A, .

LY, =AY, = (L—4,1)Y, =0
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fd £y fy fog o ) (W) ) (0

P 4 0. 00 |[y,(0) | |O
0 P 4.0 0 |y0)| |0

0 0. 0...P 4 Jly, 0] o

By operating last row, we get B, ;¥,_,(0)—A4,Y,,(0) =0and,

Pr-1Ym-1(0)
m0:m1m1 19
Ym (0) % (19)

Without loss of generality, we may assume that y,(0) =1. Then on putting m=2, 3, 4...m-1, we
get

AP RP,P.
1,0 =2 y0) =2, y,(0) = 2y, 0= 12 2 and v ="y 0= 2’3
On continuing in this way, we get y,(0) = AP, Ps-/-%e-r-]--l-----Pnl
Therefore , we find
1
R/
PP/ %"
Yo = te 3 (20)
RP,P/ 4
PP,Py----- P /ﬂom—l

Hence, the elements ofY,, the eigen vector corresponding to A, are all positive.
Some Results from Leslie Matrix Model

Result I: From above theorem, we noted that all the elements of the eigen vector corresponding to
the dominant eigen value 4, of Leslie matrix L are positive, but all eigen values of L other than A,

are negative real or complex so that the eigen vectors corresponding to any of these eigen values
cannot have all elements positive.

Result 11: The characteristics equation of the Leslie matrix is given by
p(A)=A" - A"~ f,RA"? — ,RRA" ...~ T PPy......P, ; =0

Differentiating both sides w.r.t. 4, we get
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d

dﬁ =mA™ —(m-1) fA" % —(m-2) f,PA" 3 —(m-3) f,PP,A™ ...~ . PPscc..P
=mA™ —mf A" —mf,RA™ 2 -mf_ ,PP,.....P

+f A2 4 26,RA™ R (M=) f, PP,.....P,
- %[;Lm — f A £,RA™ —f, PP P

+%[f1/1"‘—1+2f2a,1m—2 ....... (m=1)f, ,RP.....P, ,4]

jﬁ T[/zm FA™ £ PAT2 —f PPyP A= £ PPy P ]
+z[fl,1m—1+2fza,1m—2 ....... +(Mm-1)f, RP.....P,_,A+mf PP,....P ] (21)

Using equation (19) and (21)

(d_¢j <0, (d_¢j >0 and(d(/j) >0
di ), di =iy di /), .,

Thus, we say that d¢ =0 has at least one root 4, (say) between 0 and 4,. Similarly we find that

d?¢
di?

=0 has at least one root 4, (say) between 0 and 4, , this also gives that A, is point of

d3¢

inflexion of ¢(1), again FYER 0 for some A4, lying between 0 and A, , and so on.
Hence, the graph of ¢(1) crosses the A -axis at Ayand has a minimum at 4, and has a point of
inflexion at A,, similarly, the graph of d¢ crosses the A —axisat 4 and has a minimum value at

A,and has a point of inflexion at A, and so on.

Also, if n is even, then¢(0) <0 and ¢(—4,) >0 and ¢(1) —» o as A — —oo, therefore the
graph of ¢(2) cuts the negative A—axisat least once between 0 and—4,, and if m is odd, the
#(0) <0 and ¢(—4,) >0 and ¢(1) - as A — —oo, thus is this case the graph of ¢(1) does not
cut the negative A—axis between 0 and—4,. Hence from this discussion, we conclude that the
graph of ¢(A) cuts even number of points on negative A—axis0 and—4,.
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Fig. 2: Graph of ¢(1) and d¢/dA when 1>0

Result I111: If¢(1) <O then A4, >1i.e., if f,+ f,R+.... f,BP,......R,4 >1, then the populations of

all age groups increase.
Result IV: If ¢(1) >0then A4y <1ie., if f+f,P+.... f,BP,.....P,4 <1, then the populations of

all age groups decrease to extinction.
Result V : If (1) =0then A, =11ie., if f,+ f,B+... f,BP,.....R,4 =1 ,then the population of

all age group will asymptotically stationary.

Result VI : Since j—ﬁ>0 at A=4; , this shows that A,is a root of algebraic multiplicity one,

therefore, if we make a small change in P, and f,, the corresponding change in the behaviour of
the model will be determined by 4, .that is, a small change in P, and f, gives the small change is A,

Result V11 If k™ age group is the last reproductive group, then we have f, , =0=f, , =---= f
Therefore, the equation (14) becomes

PA) =A™ (A~ £ - PRI ERRA — fRP, By =0
In this case the dominant eigen value is the dominant eigen value of the matrix.

ff, o foy fo
RO ..0 O
0P..0 O
00..R,0

Hence, we conclude that the post-reproduction age groups do not play any role for further growth.
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Stable Age Structure in Leslie Matrix

The ratios of the population in different age-groups define the age structure, if this age
structure remains constant over time, it is referred to as a stable age structure (15), that is, if
Yy (1), (k =1,2,3...m) is the population of various age-group, then for stable-age-structure we must

have i ®) not a function of t.
y; ()
The age-structure is asymptotically stable ify‘—(tt) — finite value ast —» oo,
Yj

Therefore, if a population has a stable-age-structure, then the population of different age-groups
will increase in a constant ratio, so that ifY (t)be the population size at time t, then Y (t+1)is

obtained by AY (t) i.e. Y(t+1) =AY (t). But we have
Y(t+2)=LY(t) and LY (t) = AY (1)
This equation shows that A be an eigenvalue of matrix L, but the only eigenvalue of L is A, for
which all the elements of Y, are positive. Thus, if we take the initial population to beY,which is
given by (20), then the age distribution will never change, regardless of how much each age-
group’s population grows or shrinks accordingto A, >1or A, <1.
However, if the initial population is different from Y, , the population structure will
continue to change over time. If the population distribution or structure becomes closer to a stable
state value as time progresses (t — ), thenY, represents the asymptotic-stable-structure and A,

indicates the rate at which the population of each group will eventually increase or decrease per
unit time.

Numerical Analysis and Interpretation

For the numerical analysis of Leslie Matrix, it is necessary to estimate the life table
survival probabilities (or survival rate), and this ratio is estimated using following formula:

5 year Survival Rate =P, =>-2 Lla_+5
5

a

Now for the older age group 85+ we taking survival rate is zero.

This study examines the female population data in India from 2001-2011. The analysis focuses on
females aged 15 to 49, as this range represent the typical age of fertility. The data is divided into
five-year age-groups, resulting in 18 age-groups for analysis. Key parameters such as the average
numbers of survivor (S, ), in an age-interval, survival probabilities (P, ), and age-specific fertility
rates (ASFR) will be evaluated. The Leslie Matrix is employed to project the future female
population.
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Table 1. Age Structured Female Population, Survival Rate and Fertility Rate

Number Number

Age of of
S P
Groups | Females | Females a a ASFR
2001 2011

0-4 53460857 | 67297225 | 475632 | 0.943998722 0

5-9 61735896 | 57399177 | 448996 | 0.991955385 0
10-14 | 59362001 | 50060993 | 445384 | 1.992224687 0
15-19 | 46391577 | 60763100 | 451921 | 0.989045553 | 0.0489
20-24 | 43551578 | 58255221 | 437080 | 0.986693511 | 0.2159
25-29 | 41969498 | 45272836 | 431264 | 1.986711156 | 0.1773
30-34 | 37004399 | 42401010 | 445533 | 0.986597984 | 0.0985
35-39 | 34621687 | 40856771 | 419830 | 0.984405593 | 0.0499
40-44 | 25924224 | 35939138 | 413283 | 1.980553277 | 0.0212
45-49 | 22597437 | 33419003 | 418246 | 0.969201423 | 0.0073
50-54 | 16777787 | 24637180 | 392765 | 0.948977124 0
55-59 | 14105497 | 20783992 | 372725 | 0.925148568
60-64 | 13965254 | 14729971 | 344826 | 0.880667351
65-69 | 10360686 | 11492427 | 303677 | 0.821392466
70-74 7198907 | 10102095 | 249438 | 0.746830876
75-79 3296235 6355672 | 186288 | 0.669404363
80-84 2313752 3598963 | 124702 | 0.965982903

85+ 1816284 2081255 | 120460 0
Total | 496453556 | 585446029 | 6439049

OO0 |0|0O|O|O

To determine the female population numbers using the Leslie matrix methods, which takes into
account age-specific fertility rates and survivorship, we apply the Leslie Matrix L based on
tabular data

0 0 0 0.0489 0.2159 0.1773 0.0985 0.0499 0.0212 0.0073 0 0 0 0 0 0 0 0]
0.9440 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0.9920 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1.9922 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0.9890 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0.9867 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1.9867 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0.9866 0 0 0 0 0 0 0 0 0 0 0
Lo 0 0 0 0 0 0 0 0.9844 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1.9806 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0.9692 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0.9490 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0.9251 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0.8807 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0.8214 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.7468 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.6694 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.9660 O |
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To calculate the dominant Eigen value of the above Leslie matrix L, we solved above
matrix in MATLAB the find out the value of 2 =1.1148. The calculated dominant eigen value is
greater than one and female population is increasing with average natural increment of 1.08
percent annually. Now to project the female population for the future years recalling equation (8)
i.e.,Y(t) =LY (0) and taking census population of 2011 as the initial population vector Y (0) then

after matrix calculations we find out the projected female population for the years 2011 to 2051
with 5 years’ time interval is given below in tabular form

Table 2. Projected Indian Female Populations Using Leslie Matrix Model

Age Projected Female’s Population

Gro | 9011 2016 2021 2026 2031 2036 2041 2046 2051

0-4 | 672972 | 742325 | 765908 | 769305 | 801092 | 857390 | 916036 | 960532 | 997292

5-9 | 573991 | 635284 | 700754 | 723016 | 726223 | 756230 | 809375 | 864737 | 906741

10- | 500609 | 569374 | 630174 | 695117 | 717199 | 720381 | 750147 | 802864 | 857781

15- | 607631 | 496717 | 564947 | 625274 | 689712 | 711623 | 714780 | 744314 | 796621

20- | 582552 | 600974 | 491276 | 558758 | 618424 | 682157 | 703827 | 706950 | 736160

25- | 452728 | 574800 | 592977 | 484739 | 551323 | 610195 | 673080 | 694462 | 697543

30- | 424010 | 446712 | 567162 | 585097 | 478297 | 543996 | 602087 | 664135 | 685233

35- | 408567 | 418327 | 440725 | 559560 | 577256 | 471887 | 536706 | 594017 | 655234

40- | 359391 | 402196 | 411803 | 433852 | 550834 | 568254 | 464528 | 528336 | 584754

45- | 334190 | 352402 | 394374 | 403795 | 425415 | 540122 | 557203 | 455494 | 518062

50- | 246371 | 323897 | 341548 | 382228 | 391359 | 412313 | 523487 | 540042 | 441466

55- | 207839 | 233801 | 307371 | 324122 | 362726 | 371391 | 391275 | 496778 | 512488

60- | 147299 | 192282 | 216300 | 284364 | 299861 | 335575 | 343591 | 361988 | 459593

65- | 114924 | 129722 | 169337 | 190489 | 250430 | 264077 | 295530 | 302590 | 318791

70- | 101020 | 943979 | 106552 | 139092 | 156466 | 205701 | 216911 | 242746 | 248545

75- | 635567 | 754455 | 704992 | 795768 | 103878 | 116853 | 153624 | 161996 | 181290

80- | 359896 | 425451 | 505035 | 471925 | 532690 | 695366 | 782224 | 102836 | 108441

85+ | 208125 | 279096 | 346178 | 418243 | 437383 | 476644 | 575866 | 667296 | 833161

Tota | 585446 | 635911 | 685683 | 732740 | 779751 | 828535 | 878800 | 929155 | 978935

Table 3. Female Population Percentage Distribution of the year 2016

. . Census Report-2016
Leslie Matrix Model (Registrar General of India)
Age Group Female Percentage P(_!:el:T::tlleon Percentage
Population (2016) distribution b distribution
(2016)
0-4 74232580 11.7 52306115 8.2
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5-9 63528494 10.0 56133391 88
10-14 56937423 9.0 59960668 9.4
15-19 49671753 7.8 63150065 9.9
20-24 60097474 9.5 68253101 10.7
25-29 57480049 9.0 62512186 98
30-34 44671213 7.0 51030356 8.0
35-39 41832751 6.6 45927320 79
40-44 40219634 6.3 38910646 6.1
45-49 35240239 5.5 34445490 5.4
50-54 32389746 5.1 27428816 43
55-59 23380121 3.7 23601540 37
60-64 19228281 3.0 19774263 31
65-69 12972205 2.0 14033348 29
70-74 9439793 1.5 9568192 15
75-79 7544556 1.2 5740915 0.9
80-84 4254515 0.7 3189397 05

85+ 2790967 0.4 1913638 03
Total 635911794 100 637879447 100

Mean Absolute Percentage Error: 0.31%

The above table shows a comparison between the female population data calculated by Leslie
matrix and data given by Registrar General of India, Govt. of India for the year 2016. The mean
absolute percentage error is 0.31% which is acceptable for a good projection. For the more
comparative, we showed this data graphically below in the figures 3 and 4.
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Fig. 4: Population Percentage Distributions in Age-Group

Conclusion

The primary objective of this work is to examine the properties and application of the
Leslie matrix model, dealing how to construct the Leslie population projection matrix and
providing a comprehensive understanding of the mathematical techniques that underpin the
parameters of this matrix. Our analysis demonstrate that the Leslie matrix is governed solely by
age-dependent fertility and survival rates, which are the key vital rates. Essential estimations were
made to predict future population trends. The population dynamics are influenced by the dominant
eigenvalue Ao of the Leslie matrix. If 4, =1, the population remains stationary; if 4, >1, the
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population is growing; and if A4, <1, the population is declining. We identified all age-groups
along with their specific vital rates, assuming that individuals within the same age-group have
equal probabilities of surviving to the next age-group. The population projection reveals that the
population will either increase or decrease exponentially, with all age classes growing or
shrinking at the same rate. A Leslie matrix constructed using census data, incorporating calculated
fertility and survival rates to project the female population in India from 2011 to 2051, with five-
years age intervals. To validate the accuracy of this model, we compared our projection for 2016
with data provided by Registrar General of India, Govt. of India. The mean absolute percentage
error between our computed population and official data is 0.31%, indicating both the model’s
general suitability and its accuracy for projecting population. Analysis shows that variation in the
entries of the constructed matrix significantly impact the dominant eigenvalue and the overall
population dynamics. Based on numerical results, we find that the Leslie matrix model is most
effective for middle-aged groups, specially between 16 and 59 years. However , for those over 60
years and those in the 0-15 age range, it is less reliable. Additionally, this method is not suitable
for the population experiencing significant migration in or out.
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